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Abstract 



This paper concerns the formation of a coincidence set for the positive solution of 
the boundary value problem: -eA p u = u q ~ l f(a(x) - u) in Q. with u - on d£l, where 
eis a positive parameter, A p u = divflVMr" Vm), 1 < q < p < oo, f(s) ~ \sf~ l s (s — > 
0) for some 9 > and a{x) is a positive smooth function satisfying A p a = in Q. 
with infn \Va\ > 0. It is proved in this paper that if < 9 < 1 the coincidence set 
E = {x e Q. : u £ (x) = a{x)\ has a positive measure and converges to Q. with order 
0(e 1/p ) as e — > 0. Moreover, it is also shown that if 9 > 1, then O e is empty for any 
e > 0. The proofs rely on comparison theorems and an energy method for obtaining 
local comparison functions. 

1 Introduction 

Let Q. be a bounded domain in R. N (N > 2) with smooth boundary dQ., and we consider 
the boundary value problem of quasilinear elliptic equations of monostable type: 




in Q,, 
in £1, 
on dQ,, 



(1.1) 
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where £ is a positive parameter, A p u denotes the p-Laplacian drv(V p u) with the ^-gradient 
V p u = \Vu\ p ~ 2 Vu, I < q < p < oo, a : Q. — > R is a positive and smooth function and / is a 
function satisfying the following conditions. 

(Fl) / G C(R) nC'(R\ {0}) and /(0) = 0. 

(F2) / is strictly increasing on R. 

(F3) There exists 6 > such that lim s _,o twt = C for some C > 0. 

\S\ S 

By a solution of dl.lt we mean a function u e W^iQ.) n L°°(fl) satisfying CCD (for 
details, see Section 2). Applying the theorem of Diaz and Saa [4] and the regularity result 
of Lieberman lfT4l . we see that if s < e a then dl.lt admits a unique positive solution 
u E £ C 1,a (Q) for some a £ (0, 1); if s > e a then dl.lt has no solution. Here, s a = oo if 
p > q and e fl = l/A f{a) if p = q, where denotes the first eigenvalue of the definite 
weight eigenvalue problem 

j-A p u = Af(a(x))\u\ p ~ 2 u in Q, 
\u = on dQ., 

and it can be characterized by 

j \Vu{x)\ p dx 
A m = inf -jr-^ . 

*w*m#> f(a(x)Mx) \p dx 

Jn 

We define the coincidence set of the positive solution u E of dl.lt with a(x) as 

E = {x £ Q : u £ (x) = a(x)}. 

In case a(x) is constant, problem (| 1 . II) has been already studied by several authors. 
Let a(x) = 1 and p = q > 2. Then, Guedda and Veron ifTOl for N = I and Kamin and 
Veron lfT2l for N > 2 established that there exists a non-empty coincidence set E (or a 
flat core, because the graph of u E is flat on E ) for s small enough (when Q is a ball and 
f(s) = s, Kichenassamy and Smoller lfT3ll had obtained the positive radial solution with 
a flat core). They and Garcfa-Melian and Sabina de Lis [9] proved that if < 9 < p - I, 
then the flat core has a positive measure for small e £ (0,f(a)/Af( a y) and it converges to 
Q. as dist(x,0 E ) ~ e 1/p (e —> 0) for any x £ dQ,; while if 8 > p - 1, then the flat core 
is empty. These earlier results fl9l [TOl [T2l [T3J are substantially sharpened by Guo [11J. 
Moreover, even if a(x) is constant on a plural subdomain of Q, there exists a flat core 
in each subdomain (see ifTolO . General references for coincidence set are given in the 
monographs [3] of Diaz and lfT5l of Pucci and Serrin. 

In this paper we shall investigate the case where a(x) is variable. It is heuristic that 
if the coincidence set E has an interior point, then a(x) has to satisfy A p a = on its 
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neighborhood. Inversely, we shall assume a(x) to be p-harmonic: A p a = in Q, and hence 
a(x) satisfies the equation of (11.11) . Then, our major finding is that the p-harmonicity of 
a(x) is also a sufficient condition for an appearance of coincidence set. 

Before stating the result, we give precise conditions to a(x): 

(AlHnf^n >0, 

(A2) a e C ha (Q) for some a e (0, 1) and A p a = in Q, and 

(A3) inf, en |Va(x)| > 0. 
We notice that by DiBenedetto [|6l and Tolksdorf Ifi9l , (A2) follows from, e.g., 

(A2') there exists a domain Q' d Q. such that a e W^(Q') and A p a = in Q.'. 

The following theorem suggests that with regard to the coincidence set of positive 
solution, it is unnecessary to assume a{x) to be constant as in the past studies. 

Theorem 1.1. Assume (Al), (A2) and (A3). Let < 9 < 1. Then, there exist L > and 
sq e (0, s a ) such that for each s e (0, sq) the solution u E of (11.11) satisfies 

u E (x) = a(x) if dist(x, dCl) > Ls llp . 

The corresponding theorem for p = 2 has been already proved in the author's paper 
IfTTTl . As mentioned above, the condition < 8 < p - 1 seems to be valid as a modification 
to the case 1 < p < oo, while the condition < 6 < 1 in the theorem is same as that in case 
p = 2. However, this is natural because the principal part of equation of (11.11) is neither 
degenerate nor singular in £ when a(x) satisfies the non-degeneracy condition (A3). 

The condition < 6 < 1 in Theorem [TTT] is optimal in the following sense. 

Theorem 1.2. Assume a(x) to be same in Theorem 11.11 Let 6 > 1. Then, for every 
s e (0, s a ), u E < a in Q, and hence O e = 0. 

In our approach, it is significant to study the translation -sA p (v - a) of the princi- 
pal part -sA p v. Putting O p (Vv, Va) = V p (v - a) + V p a and using (A2), we see that 
O p (0, Va) = and that the translation can be represented as the monotone operator 
v h-> -ediv O p (Vv, Va). The vector-valued function 0^(77, Va) has a different order at 
77 = from what ® p (t], 0) has if and only if a(x) is non-degenerate. This is the reason why 
the conditions of 9 in the theorems differ from those in case a(x) is constant. 

Theorems 11.11 and 1 1 . 2 1 are proved in Section 4. In order to show Theorem II .![ letting 
the solution u E be close to a(x) as s — > (the convergence will be shown in Section 2), 
we compare u E with a local comparison function which attains a(x). Such a comparison 
function is obtained in Section 3 by means of the energy method developed by Diaz and 
Veron Q (see also Diaz [3], and Antontsev, Diaz and Shmarev HI). In proving Theorem 
11.21 we give a Harnack type inequality by Trudinger EDI for an associated differential 
inequality. Finally, in Section 5, we apply our method to the known case where a{x) is 
constant and realize the necessity of modifying the condition of0toO<0<p-l. 
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The corresponding theorems for iV = 1 to Theorems 11.11 and 11.21 have been already 
obtained in the author's paper |[T%i 

Remark 1.1. If Q. = R N , then the corresponding problem to (ll.lt 

—sA p u = u q - l f(a(x) - u) in R N 

is trivial. Indeed, since a(x) is a positive and p-harmonic function in R N , it is constant by 
Liouville's theorem for p-Laplacian [15, Corollary 7.2.3] and any nonnegative solution of 
(ll.lt must be the constant (see Du and Guo fTl). 

Through the paper, we denote by C positive constants independent of s and 6, unless 
otherwise noted. 



2 Convergence to a(x) as s — > 

In this section, we show that the solution of (ll.lt converges to a{x) uniformly in any 
compact set of Q. as e — » 0. 

A function u = u F e Wq' p (Q) n L°°(Q.) is called a so/arfon 0/ (O) if u > a.e. in Q, m 
does not vanish in a set of positive measure, and 

s J V p u -Vcpdx = J u q ~ l f(a(x)-u)(fdx 

for all ^ e Wj^n). A function u = u E £ W Q P (Q.) fi L°°(f2) is called a supersolution (resp. 
subsolution) of (ll.lt if w > (resp. w < 0) a.e. on <9£1 and 

e I V p u -V<pdx> (resp. <) I u q ~ l f(a(x) - u)<pdx 
Jn Jn 

for all e VKq' p (Q) satisfying <p > a.e. in Q. If a function u is not only a supersolution 
but also a subsolution, then u must be a solution of (|l.lt . 

We denote by the first eigenvalue to the following eigenvalue problem and by z the 
corresponding eigenfunction to Ay with ||z||£»(n) = sup^ \z{x)\ = 1: 

-A p z = A\z\ p ~ 2 z in Q, 
z = on <9£1 

It is well-known that A x > 0, z € C 1,or (n) for some a e (0, 1) and z > in Q. Let 
5(*o, r) = {jc e : \x - x \ < r}, Q E = {x e Q : dist(x, dQ.) > s} and J = inf A - en a(x)/2 > 
0. 
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Proposition 2.1. Assume a(x) to satisfy (Al) and (AT). For each 6 e (0, 2d), there exist 
K > and s t e (0, e a ) swc/i ?/zaf j/"e 6 (0, £*) f/ze solution u e of (11.11) satisfies 



a(x) - 8 < u e (x) < a(x) for all x e Q Ks 



up. 



Proof. It is clear from (A2) that u = a is a supersolution of (|l.ll) for every s > 0. 

We shall construct a subsolution of (|l.ll) . From the uniform continuity of a(^) in £2, 
there exists r > such that for every x e f2, a(x) > a(x ) -6/2 for all x e 5(^o> r ) n £X 
and hence for each * e 5(x , r) n Q, a(jc) - u > 6/2 for all u e [0, a(x ) - 6]. Therefore, 
f(a(x) -u) > cr = /(5/2) for all x e 5(jc , r)nO and u e [0, a(jc ) - 5]. Let > be a 
constant satisfying A 7 > ^\\\a\\ p ~J {Q:) l cr and choose £* e (0, s a ) such that Ks l J p < r. 

Take any e G (0, e„) and jc e Q^e'/p- Changing scaling as z(x) = z((x - x )/(Ks i/p )), 
we have 



-sA p z = j p -z p - 1 infl(* ,*£ 1/p ), 
= on dB(x , Ks Up ). 



Then the function 



u(x) 



\(a(xo)-6)z(x), xeB(x Q ,Ks l 'P), 
1 0, x e Q. \ B(x , Ke llp ) 



is a nonnegative subsolution of (|l.ll) . Indeed, a(xo) > 2d > 6, and for every 95 e W^' 
with > 

1 



(a(x ) - 6)^ 



JV p u ■ Vip dx - J u q l f(a(x) - u)(f dx J 
< -e J (a(x Q ) - 6) p ~ q 'A p z(f dx - cr J z q ~ l (fdx 

JB(x ,Ke 1 Ip) Jb(x ,Ks 1 'p) 
Jb(x ,Ks 1 Ip) \ KP J 

f z q ~ l ifdx<0. 

JBixn.Ke^lP) 



( Jl \\n\\P~ q \ 
'tlll«ll L » (n) 



Since u < u in Q, there exists a solution u* of (11.11) with u < u* < u in Q (e.g., Deuel 
and Hess 0). As mentioned in Section 1, the solution of (11.11) is unique. Therefore, 
u* = u £ , and hence u < u £ < u in Q. In particular, a(x ) - 6 < u £ (x ) < a(x ) for all 
x e 0. Ke \i,, when < s < £*• □ 
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Remark 2.1. Even if (A2) is not assumed, then we can prove that \u E — a\< 8. Indeed, we 
can construct a supersolution of (11.11 ) close to a(x) from above. Let p > 2 for simplicity, 
and assume u to be an arbitrary smooth function satisfying a + 8/2 <u<a + 8. Since 

-sApii - u q ~ l f(a(x) -u)> -sApii + C(u - a(x)) e > -sA p u + C l—j 

for all x e Q. and A p u is continuous in Q, the last expression can be positive provided s is 
small enough. For the case 1 < p < 2, we refer to |[T6ll . 



3 Auxiliary problem near a(x) 

In this section, we show that there exists a comparison function with dead core, which 
satisfies an equation having a subsolution a - u E > 0. 

We define the vector- valued function O p : R N x R N -> R N as 

® p (r 1 ,0 = \Tl-tr 2 (r 1 -Z) + \tr 2 t. 

In particular, we note that / ,(Vm, Vv) = V p (u - v) + V p v for gradients. 

The following lemma means that for each £ ^ the function ® p (t7, is of order 1 at 
77 = 0. 

Lemma 3.1. For all rj, g eR N with \tj-^\ + > 

0,0/, ■ 77 > min{p - 1, 2 2 ~ p K\r] - £| + \^\) p - 2 \r]\\ (3.1) 
|O p 07,£)l < max{p - 1, 2 2 ^}(l?7 - £1 + W'M- (3.2) 

For all 77, rf, £eR N with \rj-^\ + \rj' - £\ > 

(® p (ri,& - %(rj',Z)) • (77 - i) > min{p - 1, 2 2 - p }(\r] - f| + It/' - £I) P ~ 2 I?7 - ^f, (3-3) 
|O p (77,£) - O p (t/,£)| < max{p - l,2 2 "H(|/7 - £1 + I'/' - t\Y~ 2 \n ~ H (3-4) 

Proof. By the mean value theorem, we have 

(%(rj, ^), 77) = (p - DM 2 f 1*77 - t\ p ~ 2 dt, (3.5) 

Jo 

\%(r],o\ = (p-m f \tr]-tr 2 dt. (3.6) 

Jo 

Since \tr] - £| = |?(?7 - - (1 - 0£l < |?7 - £1 + |£| for all ? e [0, 1], equation ([33]) yields 
(ED) if 1 < p < 2, while dH yields (Q if p > 2. 
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Putting t = ~ f I + £1) e (0, 1], we have 

to - f i > i% - £i - a - m\ = qt] mt - 1 \. 

If p > 2 (resp. 1 < p < 2), then for every e (0, 1] we have that J^ 1 |? - to\ p ~ 2 dt > (resp. 

<) 2 J^ 1/2 z^" 2 dz = 2 2 - p l(p - 1), thus <E3 (resp. (133V ) yields (ED (resp. (IX2l) ). 

Since O p (t/,^) - <& p (rf,%) = O p (t/ -rf,^- 77'), (E3» and (O follow from (fJB and 



(|3.2I) . respectively. □ 

Let A be a positive constant. Take xo e Q, 6 e (0, 1) and e e (0, 1) such that B = 
B(xq, e 1/p ) c Q. Consider the boundary value problem 

|-e div O p (Vw, Va) + A|w| e_1 w = in 5, 7 ^ 
1 w = 6 on 55. 

For Propositions 13 . 1 1 and 13 .21 below, we assume only a e W l ' p (B) without (Al), (A2) and 
(A3). 

Proposition 3.1. Let g be a non-decreasing function, and suppose that u, v e W l,p (B) n 
L a (B), where cr e [l,oo], satisfy g(u), g(v) e L°~' (B), where cr* = -^r {cr* = 00 if a = 1 
and cr* = 1 if cr = 00), and 

(- div O p (Vw, Va) + g(u) < - div ® p (Vv, Va) + g(v) in B, 
\u<v on dB. 

Then, u < v a.e. in B. 

Proof. Using (u - v) + e Wq P (B) Pi L°"(5) as a test function, we get 

I (O p (V«, Va) - O p (Vv, Va)) • (Vm - Vv) dx < - I (g(u) - g(v))(u -v)dx< 0, 
Jd Jd 

where D = {x e B : u(x) > v(x)}. On the other hand, the integrand of the left-hand 
side is non-negative because of (|3.3I) . Thus, we conclude Vu = Vv a.e. in D, and hence 
V(w - v) + =0 a.e. in B, which means (u - v) + =0 a.e. in B. Therefore, u < v a.e. in B. □ 

Proposition 3.2. For any s > 0, there exists a unique solution w e W l ' p (B) n L°°(B) of 
(13.71) . Moreover, < w < 6 a.e. in B. 



Proof. We set the C -energy functional J corresponding to (|3.7I) as 

J(u) = — J |Vw - Va| p dx + s f V p a-Vudx + A J |i<| 1+0 dx, 
P Jb Jb Jb 

1 



which is defined in 

K = {ue W U \B) n L l+e (B) :u-6e W Q hp (B)}. 

Since 

|V p a • Vw| < \Va\ p - l \Vu - Va| + |Va| p < — |Vh - Va| p + C|Va| p , 

2p 

i(w)>^- f |Vw- Va| p dx + A f |K| 1+e Jjc-C£ f \Va\ p dx. (3.8) 
2/> Jb Jb Jb 

Then we see that J is bounded from below and J = m ^ueK J(u) exists. It suffices to show 

that there exists w e K such that J(w) = Jq. 

Let {u n } be a minimizing sequence such that u n e K and J{u n ) — > Jq as n — > oo. Then, 

by (13.81) we obtain 



we have 



f \Vu n -Va\ p dx, f \u n \ 1+e 
Jb Jb 



dx < C, 



so that {u n - 6} and {u n \ are bounded in the reflexive Banach spaces W Q ' P (B) and L 1+e (B), 
respectively. Thus, we can choice a subsequence, which is denoted u n again, and w e K 
such that u n — > w weakly in W l ' p (B) and weakly in L l+e (B). Thus, 

lim inf \\u n - a\\ W L P{B ) ^ \\w - a\\ w i. P{B) , (3.9) 

n— >oo 

lim I V p a-Vu n dx= I V p a • Vw dx, (3.10) 
Jb Jb 

lim inf \\u n \\o + e {B) > |M| l i + 8 ( b). (3.11) 

n— >co 

Since w„ — > w strongly in LP{B) by the Poincare inequality, it follows from (13.91) that 

liminf ||V(k„ - a)\\ mB) > ||V(w - a)\\ mB) . (3.12) 

>oo 

Therefore, by (13.101) . (13.111) and (13.121) . we conclude that 7 = liminf^oo J{u n ) > J{w) > 
Jo, so that J(w) = Jq. The uniqueness and the boundedness of solutions follow from 
Proposition 13.11 with g(s) = \sf~ l s and cr = 1 + 6. □ 



To show that the solution w of (13.71) has a dead core for any s > 0, scaling is useful: 
setting y = e~ xlp {x - x ), wiy) = w(y; e, x ) = w(x + e llp y) and a(y) = a(y; s, x ) = 
a(x + s l/p y) in (13.71 ). we have 

j- div O p (Vvv, Va) + Aw = in 5(0, 1), 
{vv = £ on 55(0, 1). 

We shall write B p to represent 5(0, p). 
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Lemma 3.2. Let a(x) satisfy (A2), and assume w to be the unique solution of (13.131 ). Then 
w e C l ' a (Bi)for some a e (0, 1) and ||V(# - < C, where C is independent ofs, 6 

and xq. 

Proof. Setting v(y) = w(y) - a(y), we have 

-A p v + A(v + a) 6 = infli, 
v = 6 + a ondB\. 

Since ||v + ^ S < 1 by Proposition 13. ll and 6 + a \qb 1 e C^idBi) with \\6 + 

5\\c La (dBi) ^ ll<5 + 5|lc 1 "('e7) - 1 + H a llc la (a) (f° r me norm of C l ' a (dB\), see Gilbarg and 
Trudinger (H Section 6.2]), it follows from a regularity result of Lieberman [14] that 
v e C 1,CI (5i) and ||v|| c i^^ < C for some a e (0, 1) and C > are independent of s, 6 and 
Xq. In particular, ||Vv|| L - (Bl) < C. □ 

Proposition 3.3. Let a(x) satisfy (A2) anJ (A3), and assume w to be the unique solution 
of (13.71 ). If0<9< 1, then there exists M > independent of s, 6 and x such that 
w(x) = Ofor all x 6 B(x , (1 - M8 {l+e)y ) llr s llp ), where 

In particular, w(xq) = Ofor arbitrary s > if5 {l+e)y < M~ l . 

Proof It is sufficient to prove the existence of dead core for the solution of (|3.13l) . To do 
this, we follow the energy method developed by Diaz and Veron [|5l (see also Diaz O, 
and Antontsev, Diaz and Shmarev 0]). 

We define the diffusion and absorption energy functions E D (p) and E A (p) in (0, 1) as 
follows: 

E D (P)= I ® P (Vw(y),Vd(y))-Vw(y)dy, 
Jb p 

E A (p)= f My)\ l+6 dy. 

The total energy function E T (p) is defined as 

E T {p) = E D {p) + AE A (p). 
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The global total energy E T {\) is finite. Indeed, (we write w, a instead of w, a, respec- 
tively), multiplying the equation of (13.131 ) by the nonnegative function 6 -w e W ' p (Bi) 
and integrating by parts in B i, we have 



EtO) < M 14 *|fii| < C6 l+t> . (3.14) 

Multiplying the equation of (13.131) by w and integrating by parts in B p , we have also 
(now we shall write S p to represent dB p ) 



E T (p)= f %(Vw(y),Va(y))-nw(y)ds, (3.15) 
Js p 

where n = n{s) is the outward normal vector at y e S p . By (13.151 ), Lemmas |3 . 1 1 and [3T21 
with (A3) 

E T (p)= I \® p (Vw,Vd)\\w\ds 
Js p 

1/2 / n vl/2 



1/2 

IM|/2(S p ) 



< | J* \d> p (Vw,Va)\ 2 ds^j |jT |vv| 2 ^j 

< | JT (|Vw - Va| + |Va|) 2(/, - 2) (O p (Vw, Va) • Vw) dsj 

<c|^ O p (Vw,Va)-Vw^J IM| L2(5p) . (3.16) 
On the other hand, by using spherical coordinates (co, r) with center xq, we have 

£ D (p) = f f Op(Vw(ra>), Va(rw)) • Vw(rco) r N ~ l doj dr. 
Jo Js N - 1 

Hence, E D is almost everywhere differentiable and 

dE ^ = f JVw(pa>), Vaipco)) ■ Vw(paj)p N - 1 da> 
dp JsN-i 

= \ <& p (Vw,Va)-Vwds. (3.17) 

Js p 

Similarly, 

dE A (p) f l+g 

— ; = M as. (3.18) 

dp Js 
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Moreover, since < 9 < 1, we have the following inequality (see Diaz et al. |[5l[3l[Q): 
IMIl 2 (s p ) < c(||Vw|| i 2 (Bp) + p~ a \\w\\ L i+s {Bp ^ \\w\\ l [f +e(Bpy 

where C = C(N, 6) and 

N(l-6) + 2(l+9) / 1 1\ ( N \ 

a = — ; -=N\ +1 e ,-+ c ,co, 

2(1+0) \l + 9 2) \ 2 J v J 

N(l-0) + l+e __ N(^-t)+ l 2 h N +l\ 
P N{\-9) + 2{\ + 9) ^v(_i__i) + i G \2'^V + 2j C( ' j - 

Thus, from (13.11) and Lemma [3T2l we obtain E D (p) > C\\Vw\\ 2 L2{B } , so that 

i-p 

ll w "X,) < c (\\ Vw \\mB p) +p- a \\M\L^(B p) )\\M\ L " 1+S{Bp) 

= C\\\Vw\\ L z (B J\w\\f +6(Bp) +p- a \\Mt£e {B )j 

< Cp- a (ffE D {p)^E A {p)wk +E A (p)w^\ 

< Cp' a (E T (py + vm +£ A (l)Tb-3£ A (p)5 + ^ra)j 

<Cp- a E T {pY + wwK (3.19) 

Here we have used that E A {\) < C6 l+e < C and < 6 < 1. Combining (l3TT6l) - (l3TT8l) and 
(13.191) , we obtain 

E T {p)<C\—^-\ p~ a "E T (pr- + -, 



that is, 

dE ^ > Cp'-'E T i P )'-'. 



dp 
where 



1 1 \ — — - / 1 

I 1 \ 1+6 2 1 - 1 



r = 1 + 2a{3 = 2N^-^ - + 2 6 (2,N + 2). 
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Integrating it on [p, 1] and using (13.141) , we have 

E T (pY < E T (l) y - C(l -p T ) < C(p T - (1 - M6 (l+e)y )) 

for some M > 0, thus E T ((\ - M6 (l+e)y ) l/T ) = 0, i.e., w(y) = for all y e 5(0,(1 - 
M£ (1+0)7 ) 1/r ). Scaling back to x, we conclude the assertion. □ 

4 Proofs of Theorems 

Now we are in a position to prove Theorems 11.11 and 11.21 

Proof of Theorem\Ll} Fix 6 e (0,d) such that M8 {l+6)y < 1, where M and y are the 
constants appearing in Proposition [531 Thanks to the p-harmonicity of a(x), the function 
v = a - u £ satisfies that -ediv <D p (Vv, Va) = -(a(x) - v) q ~ l f(v) in the distribution sense 
in Q. Since 

(a(x) - s) {1 ' l f(s) > d q - l Cs° =: for all x e Q. and s e [0, 6] 

and by Proposition 12. 1[ max xe a. KsUp v E (x) < 5 for every s e (0, e*), we have 

- edivO p (Vv, Va) + Ajv e < in Q. Ke vp. (4.1) 

Let e e (0, £*) be small such that Q (Ar+1)£ i/ P ^ 0. Take any e e (0, e ) and x e 
Qk+de'/p- Letting w be the solution of (13.71) . we can see 

-£div O p (Vw, Va) + Ajw = in B(x , s l/p ), 
w = S on dB(x ,s l/p )- 

Since 5(jt ,£ 1/p ) c and v < 5 = w on 55(x , it follows from (14~T1) and (1431) 

that v is a subsolution of (|4.2I) . Therefore, Proposition 13.11 gives v < w in 5(xo, e 1/p ). 
Proposition 13.31 implies that < v £ (x ) < w(xo) = 0, and hence u(x ) = a(xo) for all 
xo e Q.( K+l)s i/p. This completes the proof ofTheorem ll.il □ 

Proof of Theorem [7721 Let u £ be a solution of (11.11) . The function v = a - u £ > 0, ? 0, 
satisfies 

-ediv <D p (Vv, Va) + A 2 / > 

for some A 2 > 0. Since u E e C l (Q.) by the regularity result of Lieberman [14], so is v, and 
there exists k > such that ||Vv||z°°(n) < k. We define 

M M = sup (\T]-Va(x)\ + \Va(x)\y- 2 , 

\rj\<k,x€Q 

m M = inf (\r]-Va(x)\ + \Va(xW- 2 , 

\t]\<k,xeSi 
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which are both finite and positive for any p > 1 because of (A3). Then, v is also a 
nonnegative bounded function satisfying 



-s div O p (Vv, Va) + A 2 |v| 0_1 v > 0, 



where ® p (?7, Va) is a vector measurable function as 



p (77, Va) = 



( 



%(?], Va) if fa| < k, 
M p , k T] if > k, 



which satisfies (from (13.21) and (13.11) in Lemma IBTTT) 



Va(x))| < M p ,, max{p - 1, 2 2 ^} M, 
p (77, Va(x)) • 77 > m M min{p - 1, 2 2 ~ p } \i]\ 2 . 



Moreover, if 9 > 1, then there exists C > such that \\sf ^| < C\s\ if \s\ < ||v||z,~(n). 
Thus, the weak Harnack inequality by Trudinger ll2"Ul Theorem 1 .2] (see also Pucci and 
Serrin 021 Theorem 7.1.2]) follows: for any B(x ,4p) c Q and y e (0, ^) (7 6 (0, 00) if 
N = 2), there exists C = C(N, y, A 2 /e,p,p, k, M p ^ k , m p ^ k ) such that 



Suppose v(xq) = with xq e Q. Then the set = {x e £2 : v(x) = 0}, which is closed 
relatively to Q. since v is continuous, is nonempty. Since v is continuous, if x e O and 
■B(jc,4£) c Q, then inf Bte 2p) v = v(x) = 0. From (|4.3I) we have that ||v||z,y(eu,2p)) = so that 
v = in 5(x, 2p).So O is also open and since Q. is connected it must be O = f2, i.e., v = 
in f2, which is a contradiction. Therefore, v is strictly positive in Q,, i.e., u £ < a in Q.. □ 

5 Degenerate case 

In this section, we consider the case where a(x) is constant in Q. As introduced in Section 
1, this case has been already treated by several papers [^[TUltlHEElELIl. Our approach 
can be applied to the case. 

Since Va = in this case, we note O p (Vw, Va) = V p w and Propositions 13. 1 [ [3T21 and 
Lemma [3T21 are all satisfied. However, Proposition 13 .31 has to be changed as follows. 

Proposition I3.3P . Let a(x) be a constant in Q., and assume w to be the unique solution 
of (13.71) . If0<9<p-\, then there exists M > independent of s, 5 and xq such that 




(4.3) 



13 



w(x) = Ofor all x e B(x , (1 - M6 (l+e)y ) 1/r s 1/p ), where 

1 1 



r = —r, — e °> 



1 N+ 



l 



r = n p [rTe ~ I) + p * 6 (iA ^ + pi) ' 

where p* = j^. In particular, w(x ) = for arbitrary s > if6 (l+e)y < M _1 . 

Proof. It is sufficient to prove the existence of dead core of solution of (13.131) . We define 
the diffusion and absorption energy functions E D (p) and E A (p) in (0, 1) as follows: 

E D (p)= f \Vw(y)\ p dy, 
Jb p 

E A (p)= [ \w(y)\ 1+e dy. 
Jb p 

The total energy function E T (p) is defined as 

E T (p) = E D (p) + AE A (p). 



The global total energy E T {\) is finite. Indeed, (we write w instead of w>), multiplying the 
equation of (|3.13l) by the nonnegative function 8 - w e Wq P {B\) and integrating by parts 
in B i, we have 



E T {\) < M 1+0 |fli| < C8 l+e . (5.1) 

Multiplying the equation of (13.131) by w and integrating by parts in B p , we have also 
(now we shall write S p to represent dB p ) 

E T (p)= f y p w(y)-nw(y)ds, (5.2) 

where n = n(s) is the outward normal vector at y e S p . By (|5.2I) 

E T (p)= f |V p w|Hd5<||Vw||^ sjNI^cs,). (5.3) 
Js p p 

On the other hand, by using spherical coordinates (to, r) with center xq, we have 

E D (p)= f f IVw^rr^ 1 ^^. 

Jo Js N - [ 
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Hence, E D is almost everywhere differentiable and 

^El= f \Vw{rcS)\ p p N - l d(o= f \Vw\ p ds. (5.4) 

dp Js"-i Js p 

Similarly, 



dE A (p) _ j 
dp 



w\ 1+e ds. (5.5) 



Moreover, since < 6 < p - 1, we have the following inequality (see Diaz et al. EOEQ): 

\\w\\ mSp) < c(||Vw|b (Sp) +p" ff ||w|| L i +fl(Bp) ) /3 ||w||].;f e( ^ ) , 

where C = C(iV, 0) and 

N(p-l-9) + p(l+9) ( 1 1\ 1 / iV ,. . s 

C = — = N\ +1 6 1, — + 1 C (1, oo), 



N(p-l-0) + p(l+9) N (i + i 



c (0, 1). 



Thus, 



l -IS 

,,,,,.,) < c(||Vw|| L „ (Bp) +p- a ||w|| L . + « (Bp) )||w|| il+fl(fip) 



h /J(l+8) 



= c^||V W || W(i , p) iwi^ (flp)+ p-|wi^ 

= Cp' a (p a E D {p)^E A {p)wk +e a (p)?kU} 
< Cp~ a [E T {p)^wk +E A (l)^~pE A (p)p H 
<Cp- a E T (p)i> + vm. (5.6) 

Here we have used that E A {\) < C6 i+e < C and < 6> < p - 1. Combining (T531)-(l531) 
and (15.61) . we obtain 

(p-i')Ip 



that is, 

dE-r(n} 

> Cp r - l E T {p) 



dE T {p) ^_ T _ 



dp 
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where 



1+0 p) iv(_i_-i) + i \'N + p)' 



T=l+p*afi = Np*l-^—--) + p*e(p*,N + p*). 

\i + e p) 

Integrating it on [p, 1] and using (15.11) . we have 

EApf < E T (iy - C(l -p T ) < C(p T - (1 - M6 (1+0 »)) 

for some M > 0, thus E T {{\ - M6 (l+8)7 ) l/T ) = 0, i.e., w(y) = for all y e 5(0,(1 - 
M£ (1+0)7 ) 1/r ). Scaling back to x, we conclude the assertion. □ 

As in Section 4, we obtain the corresponding Theorems l5.1l and l5T2l below to Theorems 
ll.ll and [L2l respectively, in the case when a(x) is constant. For the proof of Theorem l5.2[ 
we have only to use the weak Harnack inequality directly to -sA p v + A 2 v e > with 
< 6 < p - 1. We note again that these have been already obtained by lfT2ll . 

Theorem 5.1. Assume a(x) to be a positive constant. Let < 6 < p - 1. Then, there exist 
L > and sq e (0, s a ) such that for each s e (0, e ) the solution u E of (11.11) satisfies 

u £ (x) = a{x) if dist(x, dQ.) > Ls l/p . 

Theorem 5.2. Assume a{x) to be a positive constant. Let 6 > p - 1. Then, for every 
s e (0, e a ), u £ < a in Q, and hence E = 0. 
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